Introduction {#Sec1}
============

Pollicott-Ruelle resonances have been introduced in the 1980's in order to study mixing properties of hyperbolic flows and can nowadays be understood as a discrete spectrum of the generating vector field (see Sect. [1.2](#Sec4){ref-type="sec"} for a definition and references). Very recently it has been discovered that in certain cases some particular Pollicott-Ruelle resonances have a topological meaning. Let us recall these results:

In \[[@CR14]\] Dyatlov and Zworski prove that on a closed orientable surface $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {M}}$$\end{document}$ of negative curvature the Ruelle zeta function at zero vanishes to the order $\documentclass[12pt]{minimal}
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                \begin{document}$$|\chi (\mathcal M)|$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ({\mathcal {M}})$$\end{document}$ is the Euler characteristic of $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {M}}}$$\end{document}$, generalizing a result of Fried in constant curvature \[[@CR15]\].[1](#Fn1){ref-type="fn"} Dyatlov and Zworski prove their result as follows: By previous results on the meromorphic continuation of the Ruelle zeta function (see \[[@CR13], [@CR21]\]) the order of vanishing of the Ruelle zeta function at zero can be expressed as the alternating sum $\documentclass[12pt]{minimal}
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                \begin{document}$$\sum _{k=0}^2 (-1)^ {k+1} m_{{\mathcal {L}}_X, \Lambda ^k X^\perp }(0)$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{{\mathcal {L}}_X, \Lambda ^k X^\perp }(0)$$\end{document}$ is the multiplicity of the resonance zero of the Lie derivative $\documentclass[12pt]{minimal}
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                \begin{document}$$X\in \Gamma ^\infty (T(S^*{{\mathcal {M}}}))$$\end{document}$ acting on perpendicular *k*-forms. The latter are those *k*-forms on the unit co-sphere bundle $\documentclass[12pt]{minimal}
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                \begin{document}$$S^*{{\mathcal {M}}}$$\end{document}$ that vanish upon contraction with *X* (for the precise definition of the multiplicities, see Sects. [1.1](#Sec3){ref-type="sec"} and [1.2](#Sec4){ref-type="sec"}). For closed orientable surfaces it is rather easy to see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{{\mathcal {L}}_X, \Lambda ^0 X^\perp }(0) = m_{{\mathcal {L}}_X, \Lambda ^2 X^\perp }(0)= b_0({\mathcal {M}})=b_2({\mathcal {M}})$$\end{document}$, thus the central task is to prove that $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{{\mathcal {L}}_X, X^\perp }(0)= b_1({\mathcal {M}})$$\end{document}$. Dyatlov and Zworski achieve this by combining microlocal analysis with Hodge theory \[[@CR14], Proposition 3.1(2)\]. This is a remarkable result also apart from its implications on zeta function questions because it identifies a resonance whose multiplicity has a precise topological meaning.

Let us mention a second result establishing a connection between Pollicott-Ruelle resonances and topology: Dang and Rivière \[[@CR12]\] examine a general Anosov flow $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi _t= e^{Yt}$$\end{document}$ on a closed orientable manifold. The Lie derivative $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {L}}_Y$$\end{document}$ has a discrete spectrum (the Pollicott-Ruelle spectrum) on certain spaces of anisotropic *p*-currents and it is shown that the exterior derivative acting on generalized eigenspaces of the eigenvalue zero forms a complex which is quasi-isomorphic to the de Rham complex.[2](#Fn2){ref-type="fn"} While this result gives no precise information about the multiplicities of the resonances, it gives lower bounds for them and it holds in very great generality.

As a third result we would like to mention \[[@CR19]\] where the relation between Pollicott-Ruelle and quantum resonances is studied for compact and convex co-compact hyperbolic surfaces. For this correspondence the resonances at negative integers turn out to be exceptional points and it is shown that their multiplicities can be expressed by the Euler characteristic of the hyperbolic surface. The proof uses a Poisson transform to establish a bijection between the resonant states and holomorphic sections of certain line bundles, and the formula for the multiplicities follows from a Riemann-Roch theorem.

In the present article we broaden the picture regarding the topological properties of Pollicott-Ruelle resonant states. To this end, we combine some of the above approaches: In a first step we use a quantum-classical correspondence to find new examples of resonances with topological multiplicities. In particular, we prove

Proposition 0.1 {#FPar1}
---------------

For any closed orientable hyperbolic manifold $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m_{{\mathcal {L}}_X, X^\perp }(0)= b_1({\mathcal {M}}). \end{aligned}$$\end{document}$$Furthermore, the resonance zero has no Jordan block and if $\documentclass[12pt]{minimal}
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                \begin{document}$$n\ge 3$$\end{document}$, then zero is the unique leading resonance and there is a spectral gap.[3](#Fn3){ref-type="fn"}

We prove these statements using the general framework of vector-valued quantum-classical correspondence developed by the authors \[[@CR28]\] as well as a Poisson transform of Gaillard \[[@CR18]\].[4](#Fn4){ref-type="fn"} Without any further effort these ingredients provide additional examples of resonance multiplicities related to not only the first but to all Betti numbers, see Proposition [2.3](#FPar10){ref-type="sec"}. More precisely, the latter result shows that the *p*-th Betti number of a closed orientable hyperbolic manifold can be recovered as the dimension of the space of some particular resonant *p*-forms in the kernel of a so-called *horocycle operator* (see Sect. [2.2](#Sec7){ref-type="sec"}). For $\documentclass[12pt]{minimal}
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                \begin{document}$$n=1$$\end{document}$ the first statement in Proposition [0.1](#FPar1){ref-type="sec"} is the special case of \[[@CR14], Proposition 3.1(2)\] restricted to hyperbolic surfaces. Interestingly $\documentclass[12pt]{minimal}
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                \begin{document}$$n=2$$\end{document}$ is an exceptional case and the multiplicity is given by $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{{\mathcal {L}}_X, X^\perp }(0)= 2b_1({\mathcal {M}})$$\end{document}$ (see Remark [2.2](#FPar9){ref-type="sec"}). For $\documentclass[12pt]{minimal}
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                \begin{document}$$n> 2$$\end{document}$ the statement can be considered as a generalization of the Dyatlov-Zworski result to higher dimensions at the cost of restricting to manifolds of constant negative curvature.

In a second step we can partially overcome this restriction and prove

Proposition 0.2 {#FPar2}
---------------

Let be a closed orientable hyperbolic manifold of dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma ^{\infty }(\mathrm {S}^2(T^*{\mathcal {M}}))$$\end{document}$ be the space of smooth symmetric two-tensors endowed with its Fréchet topology and $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_{{\mathcal {M}},<0}$$\end{document}$ the open subset of Riemannian metrics of negative sectional curvature. Then there is an open neighborhood $\documentclass[12pt]{minimal}
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                \begin{document}$$U\subset {\mathscr {R}}_{{\mathcal {M}},<0}$$\end{document}$ of such that for all Riemannian metrics one hasHere is the geodesic vector field on the unit co-sphere bundle with respect to .
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                \begin{document}$$n+1=2$$\end{document}$ we obtain the equality ([0.1](#Equ1){ref-type=""}) only in a neighborhood of , whereas Dyatlov and Zworski prove the equality in this dimension for all . It seems thus reasonable to conjecture that the equality holds in all dimensions $\documentclass[12pt]{minimal}
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                \begin{document}$$n+1\ne 3$$\end{document}$ for all , or at least for all in those connected components of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_{\mathcal M,<0}$$\end{document}$ that contain a metric of constant negative curvature.

We obtain Proposition [0.2](#FPar2){ref-type="sec"} as a special case of a more general result on simultaneous perturbations of the Riemannian metric and the geodesic vector field. To state this result, consider in the situation of Proposition [0.2](#FPar2){ref-type="sec"} some Riemannian metric and an arbitrary Anosov vector field on . Denoting by the "perpendicular" subbundle formed by all co-vectors annihilating fiber-wise, the multiplicities of the resonance zero of the Lie derivative acting on sections of and , respectively, are easy to relate under relatively mild assumptions: By Lemma [3.4](#FPar25){ref-type="sec"} it suffices to assume that there is a one-form on with , , and to have the relationThis is fulfilled, for example, if is a contact form and is a contact Anosov vector field with respect to . In particular, if is the geodesic vector field, one can take to be the canonical contact form given by the restriction of the Liouville one-form to . So ([0.1](#Equ1){ref-type=""}) is in fact equivalent to the equationIn Sect. [3](#Sec13){ref-type="sec"} we study the stability of the Eq. ([0.3](#Equ3){ref-type=""}) upon simultaneous perturbations of the Riemannian metric and the geodesic vector field. We obtain the following main result:

Theorem 0.3 {#FPar3}
-----------
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                \begin{document}$$\dim {{\mathcal {M}}}\ne 3$$\end{document}$ and is a metric of constant negative curvature, then there exists an open set $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta >0$$\end{document}$ such that for all Riemannian metrics and all vector fields with[5](#Fn5){ref-type="fn"} one has the boundsand if there is a one-form on with and , then the bounds improve to the equality

Remark 0.4 {#FPar4}
----------

If is a contact form and is contact with respect to , then, as mentioned above, the resonance multiplicities on the bundles and are related by ([0.2](#Equ2){ref-type=""}). So Theorem [0.3](#FPar3){ref-type="sec"} implies that the relations ([0.1](#Equ1){ref-type=""}) and ([0.3](#Equ3){ref-type=""}) remain valid for simultaneous small perturbations of the metric and small perturbations of the geodesic vector field within the class of contact vector fields.

We prove Theorem [0.3](#FPar3){ref-type="sec"} by combining Proposition [0.1](#FPar1){ref-type="sec"}, which has been obtained by a quantum-classical correspondence, with the cohomology results of Dang-Rivière \[[@CR12]\] as well as some recent advances concerning the perturbation theory of Pollicott-Ruelle resonances \[[@CR3]\].

The main steps in the proof of Proposition [0.1](#FPar1){ref-type="sec"}, carried out in Sect. [2](#Sec5){ref-type="sec"}, can be roughly summarized as follows: First we prove that $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{{\mathcal {L}}_X, X^\perp }(0)=m_{{\mathcal {L}}_X, E_+^*}(0)$$\end{document}$, i.e., every generalized resonant state *u* of the resonance zero actually lives only in the dual stable subbundle $\documentclass[12pt]{minimal}
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                \begin{document}$$E_+^*\subset X^\perp $$\end{document}$.Then we show that *u* lies in the kernel of the horocycle operator $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {U}}_-$$\end{document}$ (defined in Sect. [2.2](#Sec7){ref-type="sec"}), which means that it is a generalized *first band* resonant state. This is achieved by observing that $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {U}}_- u$$\end{document}$ is a generalized resonant state on the tensor bundle $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {U}}_- u$$\end{document}$ into a symmetric and an antisymmetric part, we apply \[[@CR6]\] to show that the symmetric part must be zero and \[[@CR18]\] to show that the antisymmetric part must be zero.By \[[@CR28]\] there are no first band Jordan blocks, so it follows that *u* is actually a resonant state.Since *u* is a first band resonant state, *u* corresponds to a distributional one-form $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma \subset \mathrm {SO}(n+1,1)_0$$\end{document}$ on the space of distributional one-forms on $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {M}}}=\Gamma \backslash {\mathbb {H}}^{n+1}$$\end{document}$.We apply again Gaillard's result \[[@CR18]\]; it says that $\documentclass[12pt]{minimal}
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                \begin{document}$$u_\infty $$\end{document}$ is mapped by a Poisson transform to a harmonic one-form on $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {M}}}$$\end{document}$ which is non-zero if *u* is non-zero and that all harmonic one-forms on $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {M}}}$$\end{document}$ arise this way.In Sect. [3](#Sec13){ref-type="sec"} we then carry out the proof of Theorem [0.3](#FPar3){ref-type="sec"} along roughly the following steps: Using the "fiber-wise rescaling" diffeomorphism between the unit co-sphere bundles , with respect to two Riemannian metrics , on $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {M}}}$$\end{document}$, we transfer the initial setup involving vector fields to an equivalent setup involving vector fields on the -independent space . This transfer is such that if is close to and is close to the geodesic vector field , then is close to . We choose of constant negative curvature.By applying Bonthonneau's result \[[@CR3]\] on perturbations of Anosov vector fields to the transferred setup on , we obtain the inequality for all close enough to and all vector fields close enough to (they are then automatically Anosov).From the results of Dang-Rivière \[[@CR12]\] we get the lower bound $\documentclass[12pt]{minimal}
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Pollicott-Ruelle Resonances for Geodesic Flows {#Sec2}
==============================================

Anosov vector fields and perpendicular forms {#Sec3}
--------------------------------------------

Let be a closed orientable Riemannian manifold of dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$E_0 = {{\mathbb {R}}}X$$\end{document}$ is the neutral bundle spanned by the geodesic vector field *X* and $\documentclass[12pt]{minimal}
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More generally, we can consider an arbitrary Anosov vector field *Y* on $\documentclass[12pt]{minimal}
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### Remark 1.1 {#FPar5}

(Complexifications) When addressing spectral questions involving an operator on any of the bundles mentioned so far, or on any subbundle of a tensor power of $\documentclass[12pt]{minimal}
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Pollicott-Ruelle resonances on forms {#Sec4}
------------------------------------

Pollicott-Ruelle resonances were introduced by Pollicott \[[@CR31]\] and Ruelle \[[@CR32]\] in order to study mixing properties of hyperbolic flows (as mentioned before). In the last years it has been found out that these resonances can also be defined as poles of meromorphically continued resolvents (see \[[@CR29], [@CR1], [@CR21], [@CR16], [@CR13]\] for approaches using semiclassical analysis and \[[@CR7], [@CR4]\] for generalizations to noncompact settings). We follow \[[@CR7]\] to introduce the notion of Pollicott-Ruelle resonances on an arbitrary smooth complex vector bundle $\documentclass[12pt]{minimal}
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### Proposition 1.2 {#FPar6}
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### Definition 1.3 {#FPar7}
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                \begin{document}$$J(\lambda _0) =1$$\end{document}$ we say that the resonance *has no Jordan block*. Otherwise, the space of *Pollicott-Ruelle resonant states* $\documentclass[12pt]{minimal}
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                \begin{document}$$S^*{\mathcal {M}}$$\end{document}$, the vector fields *Y* on it (in particular, the geodesic vector field *X*), as well as their resolvents, Pollicott-Ruelle resonances, and associated resonant states and multiplicities depend on the Riemannian metric . In Sect. [3](#Sec13){ref-type="sec"} we will be interested in their variation under perturbations of . For this reason we will write , , in order to emphasize the dependence on . In the other sections we suppress the Riemannian metric in the notation.

Multiplicities on Constant Curvature Manifolds {#Sec5}
==============================================

In this section we assume that is a closed orientable hyperbolic[6](#Fn6){ref-type="fn"} manifold of dimension $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n+1$$\end{document}$.

Proposition 2.1 {#FPar8}
---------------
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The first part of this result will be a central ingredient for Theorem [0.3](#FPar3){ref-type="sec"}. We will prove Proposition [2.1](#FPar8){ref-type="sec"} using a quantum-classical correspondence. Such correspondences have recently been developed in various contexts (see \[[@CR6]\] for compact hyperbolic manifolds, \[[@CR19], [@CR22]\] for the convex co-compact setting, and \[[@CR20]\] for generalizations to general rank one manifolds). We will use the general framework for vector bundles developed by the authors in \[[@CR28]\]. Additionally we use a Poisson transform due to Gaillard \[[@CR18]\] and combining both ingredients allows us to construct an explicit bijection between the Pollicott-Ruelle resonant states in perpendicular one forms and the kernel of the Hodge Laplacian.

Remark 2.2 {#FPar9}
----------
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We consider this result to be of independent interest because it shows that also the higher Betti numbers can be recovered by considering Pollicott-Ruelle resonant states on certain vector bundles that are invariant under the horocycle transformation. Again the statement is obtained by constructing an explicit isomorphism onto the kernel of the Hodge Laplacian.
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Horocycle operators {#Sec7}
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First band resonant states and principal series representations {#Sec8}
---------------------------------------------------------------
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### Proposition 2.4 {#FPar11}
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Relating resonances of the Lie- and covariant derivatives {#Sec9}
---------------------------------------------------------
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### Proof {#FPar13}
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Proof of Proposition [2.3](#FPar10){ref-type="sec"} {#Sec10}
---------------------------------------------------
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### Theorem 2.6 {#FPar14}
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Proof of Proposition [2.1](#FPar8){ref-type="sec"} {#Sec11}
--------------------------------------------------
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### Lemma 2.7 {#FPar15}
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It remains to prove Lemma [2.7](#FPar15){ref-type="sec"}:

### Proof of Lemma 2.7 {#FPar16}
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Gaillard's Poisson transform {#Sec12}
----------------------------

In his article \[[@CR18]\] Gaillard considers the vector-valued Poisson transform to which we refer in Theorem [2.6](#FPar14){ref-type="sec"} in the special case of $\documentclass[12pt]{minimal}
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### Lemma 2.8 {#FPar17}
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### Proof {#FPar18}
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Non-Constant Curvature Perturbations {#Sec13}
====================================
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With this notation at hand, we can prepare the proof of our main Theorem [0.3](#FPar3){ref-type="sec"} which will be given on page 17. As already indicated in the introduction, we essentially reduce the proof to two steps: Lemma [3.1](#FPar19){ref-type="sec"} provides a local upper bound for the multiplicity of an arbitrary resonance, while Lemma [3.2](#FPar21){ref-type="sec"} provides global lower bounds for the resonance zero. Finally, Lemma [3.4](#FPar25){ref-type="sec"} relates the multiplicities of the resonance zero on general and on perpendicular one-forms.
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Proof {#FPar20}
-----
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A second ingredient to Theorem [0.3](#FPar3){ref-type="sec"} is a very general lower bound on the multiplicity of the resonance zero:

Lemma 3.2 {#FPar21}
---------
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Remark 3.3 {#FPar22}
----------
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Proof of Lemma 3.2 {#FPar23}
------------------
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We can now prove Theorem [0.3](#FPar3){ref-type="sec"}:

Proof of Theorem 0.3 {#FPar24}
--------------------
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Finally, in order to get a statement involving resonance multiplicities on the bundle , one can use the following basic result:

Lemma 3.4 {#FPar25}
---------
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Proof {#FPar26}
-----

As and , we can uniquely decompose every into where and thus $\documentclass[12pt]{minimal}
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The methods of Fried to study the Ruelle zeta function generalize to locally symmetric spaces culminating in the recent work of Shen \[[@CR33]\].

We would like to point out that an analogous statement also holds for Morse-Smale flows \[[@CR11], [@CR10], [@CR9], [@CR12]\] and in these cases the spectral complex defined by the Pollicott-Ruelle resonances is actually isomorphic to the Morse complex. Consequently, the spectral complex of Dang and Rivière can be considered as a generalization of the Morse complex to Anosov flows.

See the paragraph below ([1.3](#Equ6){ref-type=""}) for the definition of "having no Jordan block" and the footnote in Prop. [2.1](#FPar8){ref-type="sec"} for the other terms used here.

It has been noted in \[[@CR8], Remark 5\] (without detailing the proof) that the statement of Proposition [0.1](#FPar1){ref-type="sec"} can alternatively be obtained by a zeta factorization argument similar to \[[@CR8], Proposition 7.7\] based on the work of Bunke and Olbrich \[[@CR2]\].

See ([3.1](#Equ50){ref-type=""}) for the definition of the $\documentclass[12pt]{minimal}
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I.e., a Riemannian manifold of constant sectional curvature $\documentclass[12pt]{minimal}
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Here the subscript 0 indicates the identity component.

We use a simplified (non-standard) notation and follow Olbrich's convention as in \[[@CR30], between Satz 2.8 and Satz 2.9\]. In \[[@CR25], p. 169\], the definition differs from ours in such a way that $\documentclass[12pt]{minimal}
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Since the geodesic flow preserves the Liouville measure on $\documentclass[12pt]{minimal}
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We thank Colin Guillarmou for suggesting the slick argument.

Here *G* acts on all three factors in the domain $\documentclass[12pt]{minimal}
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